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TWO-WEIGHT NORM INEQUALITIES
FOR THE CESARO MEANS OF HERMITE EXPANSIONS

BENJAMIN MUCKENHOUPT AND DAVID W. WEBB

ABSTRACT. An accurate estimate is obtained of the Cesaro kernel for Hermite
expansions. This is used to prove two-weight norm inequalities for Cesaro
means of Hermite polynomial series and for the supremum of these means.
These extend known norm inequalities, even in the single power weight and
“unweighted” cases. An almost everywhere convergence result is obtained as a
corollary. It is also shown that the conditions used to prove norm boundedness
of the means and most of the conditions used to prove the boundedness of the
Cesaro supremum of the means are necessary.

1. INTRODUCTION

The purpose of this paper is to extend the results of [8] and [4] concerning Cesaro
means of Laguerre expansions to Hermite expansions. The main part is concerned
with finding an accurate estimate of the Cesaro-Hermite kernel. This is then used
to prove inequalities of the form

@) sup|af (14 o) os(F0)| < Of [l (14 fa) P @)
n>0 p P

and

(1.2) et @+ b suplosa(f )| < el 0+ o)A@

where o5, (f, ) is the nth Cesaro mean of order § of the expansion of f(z) in
orthonormalized Hermite polynomials, ||g||, denotes the unweighted LP norm on
(—00,00) and C' is independent of f. An almost everywhere convergence result is
also proved.

The kernel estimate is given in Theorem It is obtained by writing the
kernel in terms of Cesaro-Laguerre kernels and using the estimate in [8]. If the
order of summation, ¢, is an integer, this is simple since the Cesaro-Hermite kernel
is a linear combination of a fixed finite number of Cesaro-Laguerre kernels. This fact
was used in [5]. For § not an integer, obtaining the estimate is more complicated
because the expression contains n + 1 terms; this is given in Lemma This
is used with the estimate from [§] to obtain the estimate in §dl Because of the
similarity of the estimate to the Laguerre case, the norm inequalities, necessity
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results and convergence results proved in §5l are essentially corollaries of the results
in [4] for Laguerre expansions with parameter « = —1/2.

Because of the generality of the weight functions used in 8], the results are some-
what complicated. We, therefore, state simple consequences here of the theorems
in g8l restricted to the single weight 2". They are as follows.

Theorem (1.3). If 1 < p < oo and § > 0, then

(1.4) supl ol 03.1(f. )], < Clal" S (@),
with C independent of f, if and only if
2 11 2
(1.5) 0>max|——=,= — —
3p 2°6 3p
and
-1<r<0 p=1
(1.6) —2<r<l—g 1< p< oo,
0<r<il p = o0.
Theorem (1.7). If 1 <p < oo, § > 1/6 and (LH), then
(1:8) 12l sup o5 (f, )| < |l £
n>0 P P

with C' independent of f.

Note that since (L8) implies (I4), Theorem [(I.3)]shows that the condition (TG)
is in fact a necessary condition for (L8). The condition § > 1/6 is not necessary;
see, for example, Lemma (3.5), page 238 of [2]. A result could be obtained for
d < 1/6 similar to Theorem (1.16) of [4].

Theorem (1.9). If p > 0, 6 > 1/6, —1 < r < 0 and E, is the set where
|z|" sup,,>o (|05 (f;2)|) > p, then |E,| < (C/u)H|:c|"f(x)||1 holds with C' indepen-
dent of f and p.

Theorem (1.10). If1 <p < oo, § >0,
1 1 1
max<———25,—1+——25> <r<i1l--,
p 3p p

with the left inequality strict if p = 4/3 and the right inequality weak if p = 1, and
|||x|rf(x)Hp < o0, then lim o5,(f,z) = f(x) for almost every .

Previous results concerning the inequalities (1) and (CZ) and almost every-
where convergence include the following. Poiani in Theorem 6, page 29 of [5]
considered the case a = A and b = B in ([I]) for § = 1. She obtained the same
results as in Theorem except for not including the case a = 0 when p = 1
or p = co. Thangavelu in Theorem 5.4.1, page 131 of [7] shows that (I4]) with
r =0 holds for 1 < p < co provided § > 1/6. Theorem [ gives (I4) for § > 1/6.
Theorem 5.4.4, page 135 of [7] shows (L4) for r = 0 for 0 < § < 1/6 but requires
strict inequality in (IH]). Similarly, Theorem 5.4.2, page 132 of [7] for » = 0 gives
([CH) if 1 < p < oo and weak type if p = 1 provided § > 1/6 while Theorems
and require only 6 > 1/6. Theorem 5.4.2 of [[7] also asserts almost everywhere
convergence for 1 < p < oo and 6 > 1/6 while Theorem requires only that
9> 0.
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Throughout this paper C' will be used for positive constants independent of f,
n, x and y but not necessarily the same at every occurrence. The symbol ~ will
mean that the expression on the left is bounded above by C times the expression
on the right and vice versa. The expression [w] is the greatest integer less than or
equal to w.

2. PRELIMINARIES ABOUT LAGUERRE AND HERMITE SERIES AND FUNCTIONS
The sequence of Hermite functions {H,, }52, is defined by
—1 n -1 71’2/2
Hp(z) =72 (2"nl) 2 e H,(z) reR

where each H,, is an nth degree polynomial that is uniquely defined as on page 105
of [6] by

(a) the leading coefficient of the polynomial is 2"; and

(b) the H, are orthonormal.

oo
Given a real number o« > —1, the sequence of Laguerre functions {Eﬁ{y)} is
=0
defined by "

1
-1 )
L) () :=T(a+ 1)_% (oz :L_ n) z2e 2 LY (x) x>0
where each L;‘” is an nth degree polynomial that is uniquely defined as on page
100 of [6] by

(a) the leading coefficient of the polynomial is (—1)"/n!; and
(b) the £ are orthonormal.

By (5.6.1), page 106 of [6], each H,, can be expressed in terms of some ﬁ&"’; namely,
given a nonnegative integer n and a real number z,

Hon (z) = (—1)”|m|%££f%) (2°), and
Honir (2) = (—1)"sgn(@)lal L5 (22)

The Hermite expansion of a function f is

o ([ s way)

provided the integrals exist, and for § > 0 the nth (C,§)-Cesaro mean of this
expansion is

osn(fsx) = (5:;71)12”:(5:7_1— ) (/ Ty )

k=0

(2.1)

It follows that
(2.2) o5n(f, ) / @)K () dy,

where

23 K= ("1") 1§nj<5+”‘ @) ).

n
k=0
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Similarly, the nth (C, §)-Cesaro mean for a Laguerre expansion satisfies

(2.4) ole)(f / SR (2,y) dy,
where
-1 n
(2.5) K (@, y) = (5 Z ”) <5 Z " k) £ () £ ().
k=0

3. CESARO-HERMITE KERNELS IN TERMS OF CESARO-LAGUERRE KERNELS

In this section, we express any (C, §)-Cesaro kernel of Hermite expansions as a
finite sum of (C, §)-Cesaro kernels of Laguerre expansions. The sum is used in {4
to estimate the size of the given (C,§)-Cesaro kernel of Hermite expansions.

Given a nonnegative integer n, and real numbers x and y, Poiani in [5], p. 28 used
some binomial identities to write a given (C, 1)-Cesaro kernel of Hermite expansions,
K120 (,y) or K1 2n41 (2,y), as a sum of Laguerre kernels, ngak) (xQ,yQ), with k €
{n—1,n,n+1},and a € {i%} She then used her heretofore established estimate
of the size of a given (C,1)-Cesaro kernel of Laguerre expansions to estimate the
size of the given (C,1)-Cesaro kernel of Hermite expansions. Following her lead,
we shall

1. establish a binomial identity in §3}
2. use the binomial identity to express a given (C, §)-Cesaro kernel of Hermite
expansions as a sum of (C,d)-Cesaro kernels of Laguerre expansions also in

i3

3. use Webb’s heretofore established estimate of the size of a given (C, §)-Cesaro
kernel of Laguerre expansions to estimate the size of the given (C, §)-Cesaro
kernel of Hermite expansions in §4k

4. use the estimate to prove theorems concerning norm inequalities and almost
every convergence of (C,d)-Cesaro sums of Hermite expansions in §Bl

Given real o and a nonnegative integer n, the binomial identity

S G 1o (e [

k=0
is used in the derivations of (B6) and BXZ). The identity is established by use of
the identity

(3.2) (1—2)"%=(1-2?)"%1+2),

where « is real and = # £1. In particular, each <a) is a coeflicient of the Maclau-
n

oo

o

rin series of (1 + z)® = E < )xk; and each coefficient of the Maclaurin series of

n
n=0

(oo}
—1 -1
(1—x)” g < ) 2" is equal to (a +n>. Let a, := (a —|—n>
n n

n=0
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and by, = (a) For |z| < 1 we have from ([B:2) that

n
(3.3) Z anpx”™ = {Z anx2”} {Z bnx”} = Z z" arbn—_ok
n=0 n=0 n=0 n=0 k=0

Comparing the left and right sides of ([B.3) shows that a, = Zl[f:]o apby_ok; this is
B.D).

Given nonnegative §, a nonnegative integer n, and real x and y, defines
Ksn (z,y), a Cesaro kernel of Hermite expansions. Rearranging the sum in (2.3)
by separately summing over the even indices, and the odd indices, we see that
Ksn (z,y) is the sum of

(1) B et

i [e2]

<6 —7: n) Z <5 ‘7’; ig}fﬁ; 1) Howt1 () Hars1 (y) -

k=0

N3

and

Applying Equations (Z1) to replace the Hermite functions by Laguerre functions,
we see that s, (z,y) is the sum of

s (") > (T e e

k=0
and
7] o N s
(35)  sen(ay)layl? <6 ; n) > (5 o Q;ﬁ 1 1>££2) @) e ().
k=0
0+n—2k

Equation (B.J) says that ( ) is equal to
n—2k n
[i] 5+ 5+1 _[i]: S+j—Kk\[(d+1Y\
= J n— 2k —2j 7'1@ j—k n—2j7)’

j=

— 2k

3

thus (3.4) is rewritten as
oyl (‘”)% P el @)H (" 0)

Interchanging the order of summation, and using (ZH), we see that the last expres-

sion is equal to
O+1N\(0+7\, (%) ;2 2
(n—%)( j )'C“’j &)

(36) e (‘52")_1 3

N3

j=0
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This expression is equal to (B4). That (3H) is equal to

1 (2]

(3.7) sgn(xy)IxyI%@:n) Z( N )(5J-rj>’cgé) (2%.y°)

i n—1-—2j j

is proved in the same manner, and we leave the details to the reader. This discussion
proves the following result.

Lemma (3.8). Let 6 > 0, n > 0 (where n is an integer), x and y real be given.
Then Ks p, (z,y), the nth (C,§)-Cesaro kernel of Hermite expansions, is the sum of

B4) and B1).
4. AN ESTIMATE OF THE MODULUS OF THE CESARO-HERMITE KERNEL

In this section we establish an estimate for the modulus of the (C,¢)-Cesaro
kernel of Hermite expansions. The calculations are rather technical and rely on
estimates of the moduli of Laguerre functions established by Askey and Wainger.
Basing their work on an asymptotic form of the Laguerre polynomial given by
Erdélyi, Askey and Wainger gave their estimates in tabular form. Following Poiani,
we shall express the estimates in the form of a function. To this end, we introduce
the following notation to capture the Askey and Wainger estimates. Let o, , n,
and y be real numbers. Define

() = 4n + 20 + 2,

A(a,y) = ) = 2| + [ m) = y| + (v (),

29 (g) = ‘l/(a) (n) — J?‘ + v/ (@ (n),

! 0<a<vD(n),
x —v(@)(n))3
(I)gl) (x) := { exp {—7] W} (@) (n) <z < 21/(0‘)(71),
_nx (@) <
eXp{ 2 } 21 (n) <z,
a1
M (@) i= 2% (V) o) T A0 @) e (@),

= 27(1721/2)(@ =2n+1—2z|+ V2n+1,

)
)
Zn(x,y) = zf&ém)(m,y) =2n+1—z|+2n+1—y|+ V2n+1,
)
)

~1/2

= 2 (2?) TH @y (a?) = MY )P (2?) 2]

Since V(%)(n) =v(=32) (n+ %), we have @%1/2)(1') = @51;11//22) (z), and

—1/2
(4.1) () = 2 (),
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it follows easily that
(4.2) MY (22) < Ja|"F Mapy (2) |

Askey and Wainger, [I] page 699, said that given o > 0, there exists some n > 0
such that ‘Eﬁfy) (2)] is uniformly dominated by a constant multiple of M (z), with
respect to all positive integers n and all > 0. Muckenhoupt in [3] extended this

result to all & > —1. Also, using (2.0, this Askey-Wainger estimate for |£$La) (x)|,
and ([£2), we have |H,, (z) | < CM,, (x), uniformly with respect to all nonnegative
integers n and all real numbers 2. Webb in [§] said that given a > —1, § > 0 and

43) G(z.y) :—< 2 (w,y)? >; ) () MY ()

on 1+ (GL:’;"_yy)2 z,(la)(x, Y) (n+ 1)5 ’

there is an n > 0 such that the (C,¢)-Cesaro kernel of Laguerre expansions,
K (z tishi
S ,Yy), satisfies

s,n

(4.4) K5 ()| < €6 ()

for all nonnegative integers n, all z > 0, and all y > 0, with C independent of n, =
and y.
We shall prove:

Theorem (4.5). Givend > 0, there is ann > 0 such that |Ks , (z,y) |, the modulus
of the (C,0)-Cesdaro kernels of Hermite expansions, is uniformly dominated with
respect to all nonnegative integers n, and all x > 0, and all y > 0, by some constant
multiple of

222, y?)? ) M, (2) Mo (y)
T+ (2] — [9]) 22 (@, 47) CESI

Before we prove this theorem, we need some more facts:

(4.6) Gspn(z,y) = <

Lemma (4.7). If z and y are real and ||z| — |y|| < (2n+1)"'/5 for some n > 0,
then for 0 < k < n we have zi(2?) ~ 21 (y?) ~ 2z (22, y?) with constants independent
ofn, k, x and y.

It is sufficient to show that zx(2?) < Czk(y?) since symmetry will then complete
the proof of the first equivalence and the first equivalence implies the second. Since
21(2%) < 21(y?) + ‘mQ — y?|, it is sufficient to show that

22 = 2| = | (212 = 2k = D)+ 2k 1) (lal ) + (] — y)°| < Can(v?):

To do this, estimate the square root using the fact that if b > 1 and a4+ b > 0, then
Va+0b < |a| + v/b. This gives

22 = 2| <2 (|2 4+ 1= 2| + VIR 1) |Jol = [yl| + (o] = [y))?,
and the result follows from the hypothesis and the definition of zj.

zi(x)

< C(1+|n—k|) with C independent of x, y, k and n.

Lemma (4.8). If n and k are nonnegative, then < C(1+|n—k|) and

Zk(xa y)

zn(z,y)
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The first inequality follows from the fact that

2 () :1+|x—2k—1|—|x—2n—1|—|—\3/2k+1—\3/2n+1

zn () zn ()

)

since the numerator of the fraction has absolute value bounded by 3|n — k| and the
denominator is bounded below by 1. The second inequality is proved similarly.

Proof of Theorem Let § > 0 be given, let n be an arbitrary nonnegative
integer, and let z and y be arbitrary real numbers. From (4.4)), and the definitions
of M,,, and z,(x,y), we have

S+1

‘/C( 1/2) 22,y ‘ <C Z2n(2 3792)2 N Moy, (2) Man (y)
1+ El o (22, 9?) (n+1)°/]zy|

Then, using the fact that

and the notation of (£8), we have

(4.9) K51 (2%,0%)| < Clayl™F Goan(e ).
Similarly, using (1)) and (@2)), we also have

(4.10) ‘IC 1/2) ,yz)‘ < C’|xy|7%G5,2n+1(a:,y).

Using ([@9) and (I0), with Lemma [(3.8), shows that |Ks, (z,v)| is bounded
by C’(‘H’ﬁ)i1 times

ol ) [ RPN i QLI ) o

i=0 i=0 J

Given a real number 6, it is well known that Stirling’s formula implies ‘ (52")‘ =~
C(n+1)? for all nonnegative n. Therefore, the identity (i) = (—1)”("7271) implies
|(2)| < C(n +1)7'79 for all nonnegative n. Using these facts, changing 2 in the
first sum and 25 + 1 in the second sum to k, and combining the sums, we see that
|ICs.n (z,y)] is uniformly bounded, on the domain of n, z, and y, by

541

" 2 (22, 92)° o n+1)70®, (22) ¢ (y?)
CZ ( k( ,5/ ) ) (n + k
o\ 1+ (Jz| -

D) 2k (22, y?) (n =k +1)2+0 (2 (a2)z(y?)) s

Since @y, is an increasing function of k, it follows that |Ks,, (z,y)| is uniformly
bounded, with respect to n, z, and y, by some constant multiple of the product of

541

(4.11) <1+ (|x|zn (2% y*) ) ©, (2°) @ (y°)

— [y 20 (22,9%) ) (0 + 1) (2 (22) 20 (32))

INE
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with
(Z" (&) = (142))i (zk (xW))”‘S(l + (] = Jgl)* 2 (xy)>

A\ @) a0 ) \m D ) \ 1 (= ) o (2 p?)
(4m)g% REVASS ) |

Since (£11)) equals G5, (x,y), it remains to show that (4I2) is uniformly bounded
with respect to all nonnegative integers n, and all real numbers z and y.
In case (|z] — |y|)° zn (z2,4%) < 1, we can replace the last factor of each term in

ET2)by 2(1+9)/2; and by Lemma we get the bound
n 145
Zk($2)> : -2-4
C —< 1+n—-k .
kZ:O (Zn(QUQ) ( )

Lemma then gives the bound C'3°}_ (147 —k)~3/2 and completes this case.
In case (|z| — |y])* zn (2%,y?) > 1, the last factor of each term in (IZ) can be
146

2 2\ =
replaced by C (M) to give the bound
Zk(x Y )
. ()20 (7)) (2 202) ) T
s [ Zn(2®) 20 (y 2k (22,y
4.13 CY n—k+1)2° = = :
(413 2. ) <zk @2 )\ @)
If zi(2?) > 21(y?), then zx(2?) > %zk(mQ,yQ) and
20ls?) _ zalety?)
z(@?) T ak(a?,y?)
Using this and Lemma then gives

(4.14) gcm—k+ni

2k (%) 21 (y°) w(@%y%)

By symmetry, ([I4) also holds if z(2?) < zx(y?). We can then use (@14)) in ({13)
to get the estimate

zn:(l +n—k)y"i " (M) 143 |

P zn(22,9?)

n
Now using Lemma again gives the bound C’Z(l +n— k),%,%. This com-

k=0
pletes the proof of Theorem

5. NORM INEQUALITIES AND CONVERGENCE RESULTS

Due to the similarity of the estimate for the Cesaro-Hermite kernel and the
Cesaro-Laguerre kernel for « = —1/2, norm inequalities for Cesaro means of Her-
mite expansions are easily obtained using the results and methods of H]. A few
typical results and an outline of their proofs are given below. Analogs of other
results in [4] could be obtained similarly and are left to the interested reader.
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Theorem (5.1). If 1 < p < oo and § > 0, then

(5:2) Sulexl (L + |2 osn(f )], < Cllal* (1 + [a)) A f(2)]|,

with C independent of f if and only if

1
(5.3) a > > (> if p=00),
(5.4) A—a<0,
1
(5.5) A<t (<ifp=1),
(5.6) b<1—=+2
p
1
5.7 b< =+ —+26
(5.7) <3ttt
1
(5.8) B>--—-2
(5.9) B> -1+ —2
: > 3 )
4
5.10 b—B<1——+2)
(5.10) <1—g 2,
(5.11) b— B <0,
and
1 4
A2 b—B<——+—+26
(5.12) S-3t3 12

and in at least one of each of the following pairs the inequality is strict: (5.6]) and

ED), BE7) and (12), BI) and BEI), BEI) and GI0).
Theorem (5.13). If1 <p<oo, § >0, (53), (4), GI), E3), (9), GI1),

(5.14) b<g—l+25 (< if p=00),
3 p

and

(5.15) b—BgQé—%,

with inequality strict in at least one of (B.8) and (B9) and at least one of (B14)
and (B8, then

(5.16) < Ol (1 + |27~ f (x)

|| (1 + |2)*~* sup o5, (f, )|
n>0

P p

with C' independent of f.

As noted after Theorem [(1.7)] since (5.16) implies (5.2), Theorem shows
that the conditions in Theorem [(5.13)] except for (5:14), (5.15) and their pair condi-
tion are also necessary for (2.I6]). Following the method of §10 of [4] a result could
be proved with b — B > 2§ — 1/3.
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Theorem (5.17). Ifa > -1, A <0,b<2§-1/3, B> —-2—-2/3 (> ifb =
-1), A<a(<ifa=0),b< B, b< B+26—1/3 and E, is the set where
(2l (1+ ) sup, 2 (1w (f, 2)]) > o, then | Ep| < (Cpe) 241+ [a) P~ (2],
holds with C independent of f.

Theorem (5.18). If 1 < p < o0, § > 0, (BH), BI) and E9) hold with strict
inequality in at least one of (5.8) and (@) and [[|lz|A(1 + |z|)B~4 f(x) || < 00,

then lim o5, (f,x) = f(x) for almost every x.

Theorem is proved by choosing an a large enough and a b small enough
that a, A, b and B satisfy the conditions of Theorem if p > 1 or Theo-
rem if p = 1. The conclusions of those theorems then imply the almost
everywhere convergence by a standard argument. Note that Theorem does
not follow from Theorem this illustrates the value of proving more general
weight function results like Theorem [(5.13)] even when only power function results
are the ultimate objective.

To prove the sufficiency of the conditions in Theorem it is enough
by use of Theorem (4.5) to show that (5:2)) holds with o5,(f,z) replaced by
I Gon(@,y)|f(y)|dy, where Gs,(x,y) is as defined in (@G). Because this es-
timate and the weight functions are even in both x and y, it is sufficient to prove
the inequality with the integral and the norms restricted to the interval [0, c0).
Then with the change of variables z = \/u, y = 1/, it is sufficient to show that

u/2-1/@P) (1 4 Jmypa / " GV B2 (VD)

p
<CH A1/ (1 4 ) BA f(a H

where the norms are now in the variable u over [0, 00). Next let | f(v/v)| = v'/%g(v)

and use the facts that (1 + /) ~ (1 +u)'/? and (u — v)? ~ % With
these changes we see that it is enough to show that

uiE s /°° ( (u+ v)20 (1, )? >— Mo (V@) M (v/5)
o \u+v+ (u—1v)2z,(u,v) (uv)i (n +1)°

g(v)dv

p

<C H“A/2+1/4_1/(2p)(1 n u)(B—szg(u)H .
P
The kernel equals the function Gg 1/22)(u,v) as defined in (£3J) and in (2.4),
p. 1124 of [4] with € = /2 and A = 1. The proof of the sufficiency part of
Theorem (2.29) of [4] consists of proving this inequality for appropriate values of
the exponents of the weights. As shown in that proof, the inequality holds provided
that the parameters

a 1 1 b 1 1 A 1 1 B 1 1 1 )

519) (o4 - ——, —d-——\) = - =
(5.19) <2+4 % 271 3 271y 271y T
satisfy the N, conditions defined on pages 1125-1126 of H]. It is now a routine
procedure to show that these parameters satisfy the NNV, conditions if (a,b, A, B)
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satisfy the hypotheses of Theorem [(5.1)] This completes the sufficiency part of

Theorem

Theorems|[(5.13) and [[5.17) are proved in the same way as the sufficiency proof of
Theorem|[(5.1), The same change of variables will reduce the proof to the sufficiency
part of Theorems (2.30) and (2.31) respectively of [4] and it is simple to show that
the resulting parameters (5.19) satisfy the S, conditions.

The necessity of the conditions in Theorem is done in the same way as the
necessity proofs in §7 of [4]. First, Theorem implies for a fixed § > 0 and
r > 0 that |05, (X[r,2r), ¥)| converges almost everywhere to x[ 2, (x). From Fatou’s
lemma and (5.2)) it follows that

e (1 4+ )"~ xprzn @], < € e (1 4+ 2)" A xgran @], ;

(B4) and (BI0) follow from this. Next, a standard argument as given on page 1141
of [M] or page 113 of [7] shows that (£:2) implies

a4+ )P @)], [l (1 + )M, < Cln+ 1)

The necessity of the rest of the conditions in Theorem follows from this and
the following lemma.

Lemma (5.20). If 1 <p < oo and n > 2, then
a (b—a) > —1/4 b/2—1/4+1/2p b/2—1/12—1/(6p)
|2|*(1 + [2|) Honl| =2C(n +n +n .
P
In addition,

H|x|a(1 + |x|)(*a71/P)H2nH > Cn71/4(10gn)1/p7
p

|||x|a(1 + |x|)b_a7'{2n(l‘)||4 > Cnb/Z—l/S(logn)lM

and |||z|*(1 + |x|)b_“Hn(x)Hp =0 ifa<—1/pandp < oo ora<0 and p= .

To prove Lemma use the fact that Hop,(z) = (—1)"+/ |x|£$fl/2) (2?) and

make a change of variables to show that

?

oL+ o) ], > C | )

£/2+1/4-1/(2p) 1+ x)(b—a)/2£;1/2(m) H

where the norm on the right is taken over [0, 00). The result then follows immedi-
ately from Lemma (7.2) on page 1142 of [4]. It can also be proved directly using the
asymptotic formula (1.5.1) on page 26 of [7] and the fact that Hermite polynomials
of even degree have nonzero constant term.
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